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Abstract—In this paper, the problem of two-dimensional oscillations of four rigid strips, situated
on a homogeneous isotropic semi-infinite elastic solid and forced by a specified normal component
of the displacement has been considered. The mixed boundary value problem of determining the
unknown stress distribution just below the strips and vertical displacement outside the strips has
been converted to the determination of the solution of quadruple integral equations by the use of
Fourier transform. An iterative solution of these integral equations valid for low frequency has
been found by the application of the finite Hilbert transform. The normal stress just below the strips
and the vertical displacement away from the strips have been obtained. Finally, graphs are presented
which illustrate the salient features of the displacement and stress intensity factors at the edges of
the strips. © 1997, Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

The problem of the effect of vibrating source in different forms on the surface of an elastic
medium have aroused attention in view of their application in seismology and geophysics.
Reissner (1937), and later Millar and Pursey (1954), treated the case of a uniform vibrating
pressure distribution applied to a circular region on the surface of an elastic half-space.
Analytical treatment of the dynamical response of footings and solid-structure interaction
are usually available in the literature only for circular and elliptical footings, and infinite
strip loadings. Such results are important in view of their application in the design of
foundations for machinery and buildings, and also in the study of the vibration of dams
and large structures subjected to earthquakes. The problem of circular punch has been
solved analytically by Awojobi and Grootenhuis (1965), Robertson (1966), Gladwell (1968)
and others. Roy (1986) considered the dynamic response of an elliptical footing in fric-
tionless contact with a homogeneous elastic half-space. Karasudhi et al. (1968) obtained a
low frequency solution for the vertical, horizontal and rocking vibration of an infinite strip
on a semi-infinite elastic medium. Wickham (1977) worked out in detail the problem of
forced two-dimensional oscillation of a rigid strip in smooth contact with a semi-infinite
elastic medium. Recently, Mandal and Ghosh (1992) treated the problem of forced vertical
vibration of two rigid strips on a semi-infinite elastic medium.

To improve the dynamic models of buildings and other structures, it will be fruitful to
have analytic results for foundations of a more complicated nature. In what follows, the
problem of vertical vibration of four rigid strips in smooth contact with a semi-infinite
elastic medium has been considered. The problem is also important in view of its application
in the study of the vibration of an elastic medium caused by running wheels on a railway
track. The resulting mixed boundary value problem has been reduced to the solution of
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quadruple integral equations, which have further been reduced to the solution of integral-
differential equations. Finally, an iterative solution valid for low frequency has been
obtained.

From the solution of the integral equations, the stress just below the strips and also
the vertical displacement at points outside the strips on the free surface have been found.
The effects of stress intensity factors at the edges of the strips and vertical displacement
outside the strips have been shown by means of graphs.

2. FORMULATION OF THE PROBLEM

Consider the normal vibration of frequency w of four rigid strips having smooth
contact with a semi-infinite homogeneous isotropic elastic solid occupying the half-space
—0<X<0,Y20, -0 < Z < . Itisassumed that the motion is forced by prescribed
displacement distribution vye~™ normal to the four infinite strips located in the region
d<|X|<d,dy< |X|<d, Y=0,|Z| < oo, where v, is a constant.

Normalizing all the lengths with respect to d and putting X/d = x, Y/d=y, Z|d = z,
d\/d = a, d,/d = b, diJd = c, one finds that the rigid strips are defined by a < |x]| < b,
c<|x|<1,y=0,|z] < o (Fig. 1).

With the time factor e~ suppressed throughout the analysis, the displacement com-
ponents can be written as

oo 0 op 0
u(x,)’)=a—f—a—!ﬁ; u(x,y)=—£+5'£; w(x,y) =0 1)

where the displacement potentials ¢(x, y) and Y(x, y) satisfy the Helmholtz equations

’¢ ¢

Py + P +mi¢ =0
¥ +';27‘f iy =0 @
in which
mi = wz:il and mi = wzjz
ci 3

In terms of ¢ and y the stress components are

Y
Y

Fig. 1. Geometry of the problem.
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i Iy Py
T”_”{zaxaf'&;_a_y?}

& *y
= _ 2,97 Vp_ 02 ¥
T,, = y{(mz +2ax2)¢ zaxay}

7,, = 0. 3)

The boundary conditions are

v(x,O) = 0y, XEIZ, 14 (4)
Tyy(x90) =0! XEIhIZhIS (5)
1,060) =0, —o0 <x< o0 )

where I, =(0,a), I, =(a,b), I, =(b, ¢}, I =(c, 1), Is = (1, 00). The solution of the Helmholtz
equation (2) can be written as

¢=2 J’w A(E) coséxe " dé
0

y=2 Jw B(&)sinéxe "2 d¢ )

0

where
(&> —mp)'2, &l = m)
,Yj ={ }a J = 1’2

—i(m} =), [l <m

and A(¢) and B(&) are unknown functions to be determined from the boundary conditions.
By using the boundary condition (6), it can be shown that

B =21 4¢q). ®)
¢+

Now the displacement component v and stress t,, become

v(x,y) = 2r[ 2 - e"zy—e""]A(é) cos Exd¢ ©

0 252—’"2

o0

252')’1?2

0 252—’”%

Ty(X,p) = —24 [(m§—2€2)e'”+ e"”]A(é)cosixdé- (10)

From the boundary conditions (4) and (5) we get the following set of integral equations in

P():

® i’ 1
.[) (262—m%l)2i4¢2v1y2 P()coséxdl =5v, xeb,l, (11)

and
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r P& coséxdé =0, xel,1,,Is (12)

0

where

(28* —m3)* +4&%y, 7,
P(§) = A(&).
O = A

3. SOLUTION OF THE PROBLEM

We consider the solution of the integral equations (11) and (12) in the form

1

P() = r tf(1?) cos Etdt+J‘ ug(u*) cos Eudu (13)

a c

where f(#*) and g(*) are unknown functions to be determined.
By the choice of P(£) given by eqn (13) the relation (12) is satisfied automatically and
eqn (11) becomes

b 2 d @ ?1’n% d
t(?) dt cos £x cos £t
.Lﬂ ) L (28 —m3)* =487, sreoscrdt
1 (<} 2
+j‘ ug(uz)duJ 28 m};l);”z P cos éxcoséudr§=%°, xel,I, (14)
c 0 — e - 172

using the relation

sinéxsinét j"‘ J" woJy (Ew)J, (Ev) dvdw

62 o O(XZ_WZ)I/Z(tZ_UZ)l/Z

the above equation is converted to the form

a0 [ wuL(v,w)dvdw
&) g |

a o 0(xz_‘1’,2)1/2(1‘2_",2)1/2

d wol, (v, w) dvdw v_", xel,, I, (15)
o (2—wH)Pw —p?)' 2 2

d ! )
+E)—C£ ug(u )du—é—l;

0

where

« 'Ylm§
= J dé. 16
L,(w,w) L (252""”%)2_4'52?1?2 o (Ew)Jo(Ev) A (16)

By a simple contour integration technique used by Ghosh and Ghosh (1985), L,(v, w) can
be written as

L] (U, W) = —iTZ Jl (1 —,12)”2(2’12 _TZ)ZHf)l)(ml r]W)Jo(mlﬂv) d,]
o QPP—1)t 4160 =) —n?)

i j " = D@ — ) P HY emyw) o (mie)
o @ =) +16n* (" 1) —n*)
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+ni12[(’12—1)]/2Hf)l)(ml'lW)Jo(m1’7")j| WS
0o(n)

- ——16(?122)& P J (A=) PHY ) o) o
-7 j=0

2 2
0 n—1;

4 22: s, J © (22 —n?) 2 H (mqw)J o (m o) d”]
j=0

0 n*—1}

2_ 12w
+7it? [(ﬂ 1) 0 ,(mlr’w)"f)(mlqv)l Cwsw 17
Qo(m) -1y
where
v= Bt 0ol =t =) = =) R )

and 1, is the root of the Rayleigh wave equation Qu(n) = 0. t,, 1, are the roots of the
equation

(2”2 —T2)2 +4n2 (”2 _ 1)1/2(’12 —T2)]/2 — 0
Q4 (n) denotes the derivative of Qy(n) with respect to  and

_ (22 —1%) '=4r}(r}—l)
) (GE N § ()

ij=0,1,2 and i#j.

The corresponding expression for L,(v, w) for w < v follows from eqn (17) by interchanging
w and v. For a Poisson ratio ¢ = %, the values of 1, 7,, 7, and , are given by

2

. 2(1—o0) 3 3

= =3, B=—", 1 -2 and rz—é
(1-20) 7 09194)" ' (2+2/3) Ty

Hence, inthiscase 1, <1, < 1 <1 < 1.
By using the series expansions of J, and H{", and evaluating the integrals arising in
eqn (17), we obtain, after some algebraic manipulation,

mw m

2 P
L,(v,w)=;rz|:<y+log 5 2)M+N—Z(w2+v2)m%logml]+0(mf) w> .

2 i P
=Erz[(y+log%—v—%I)M+N—Z(w2+v2)mflogml]+0(mf) w<uv, (18)

where y = 0.5772157 .. .is Euler’s constant,

. T
4(1—12)

(19)
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[ ost+ 5 /D, D _p JED

32(1

Xlog{ro+\/(r?ﬁ}+i Sj@tan_. \/(T_ZT_—TJT)

To

o R el a

Next, differentiating both sides of relation (14) with respect to x, we obtain

S, (T‘z"Tz)mg{’” (:5_’2)}], 20)

yum3é . .
Hd
[oraf] Qe —miy —agyyy o

2
j ug(u?) duJ‘ s ’::21)':!26462,}) ; sinéxsinéudé =0, xel,, ;.
c 2) T 172

Following a similar procedure as for deriving eqn (15), we get

X J t{(_zt)zd fhx .[ 2g(:f) i _J eyl J .[ woL, (v, w) dvdw

X ¢ X __u 0 O(X _w2)1/2(t2 2)l/2

xE12,14 (22)

1 . Pu
+ f ug(1’) dui J woL, (v, w)dwdo
[ au 0

0 (xz _w2)l/2(u2 _02)1/2 ’

where

L,(v,w) = j

0

m[é_ 2y, (mi—m3)

(262 mz)z 462'}’ ')) ]—’o(éW)Jo(éU) d{ (23)
—2) = 172

For small values of m, and m, such that m, = O(m,), one can use the contour integration
technique mentioned above and obtain

n*)'22n> —1*)’n* HY (myqw)J o (m, no)
@n* =) +16n* (> ~ 1) (x> —1%)

Zn‘(nz—l)('rz—nz)‘/zHE”(mlnW)Jo(mmv)d
@n* =) +16n*(* = 1) (x> —1?)

—2nim3(1 — )["2(’12_l)l/zHg’l)(mlnw)Jo(mlﬂU):L

L,(v,w) = 2im3(1 — )J G

+4im?(1 ~12)J -
0

2.
00 w>v @4

By a process similar to the one which led to eqn (18), eqn (24) can be written as
4P
Lww) = -— —1%)mi logm, + O(m?) (25)

where P is given by eqn (21).
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Now examining relations (15) and (18), we assume the expressions of the functions

() and g(i#®) as
) = fo(B®)+£,(2)m] logm, + O(m})
9(?) = go(W*) +g,W*)mi logm, + O(m3). (26)

Putting the above expressions of f(#*) and g(i%), and the value of L,(v, w) given by eqn (25)
in eqn (22) and equating the coefficients of like powers of m, we obtain

b 2 1 2
f e dr+f “0l) 4y~ 0, xeb.1, @n
a X~ — e XU
and

bt t2 1 2 4 b :

J /:1( Zd”'[ uy2:(u2)du= _—P(l—r2)U tfo(lz)dt-f-f ugo(uz)du]s xel, L.

a X°—t ¢ X" —Uu n “ ¢

(28)

Following Srivastava and Lowengrub (1970), the solutions of the above integral equations
(27) can be obtained as

1—a? \\2 /¢ — 2\112 1
c—a 1—1¢ (2 —a®)(b*—1?)

2 g\ 2 1
—Dz( . “) A (29)
b -7 (A=) (-1

and

1= \'2 (12 — 2\ 1
w12 (E=2)
Z—a 1—u @ —a*)(W* —b%)

2 _2\1/2 1
+D2(u “) . uel, (30)
(

W —b uw'—cH)(1—u?)

where D, and D, are constants which can be calculated as follows :

We substitute the value of L,(v, w) from eqn (18), as well as the expansions of f{#*) and
g(4*) obtained from eqns (26), (29) and (30) up to O(m?logm,) in eqn (15). When the
coefficients of like powers of m, from both sides of the resulting equation are equated, after
some algebraic manipulation we get the following

_m, (XX _my  (Xi—X5)

=—— = 31
: 472 (X X, — X, X;) 2 472 (XX, —X,X5) 1)

1—a?\'? m, mi 1 .
X, = — y+log7—? M+Ny(J,+J3)+ EMJl log(b* —a*)+ MU,

(32)

i 1
X, = {(y +log% _ %)M+ N}(L ;)= 5 M, log(b* —a*) + MJs (33)
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1_a2 1/2 : 1
X, =( - 2) [{(Hlogﬂ —E)M+N}(J, +J3) + ~ MU, log(l—c2)+MJ7]
g 2 2 2

(34)

m, m 1 5
X, = y+log7—7 M+N>J,—J,)+ EMLIog(l—c Y—MJ,

7 = r-b(cz_tz)}/z tds . “J'b(tz_az)l/z tde
l\i-2) Je—ae-n T L\e-2) Ja-f-n)

[ —c?\'? udu Y —a?\'? udu
Jy = 3 %’ Jo= 2 __p2 2_ 2 2
Je \1—u @ —a*) (e —b?) e \u—=b W -1 —u?)

r1 2_ 12 7_ 3 2 2\1/2
Js = ulog(\/u b+ /u a)(u c) du

Je W —ad*)W* —b?) 1—u?
7 & ulog(\/uz —p? +\/u2_a2) (uz __a2>1/2 4
= u
¢ Je (l_uz)(uz_cl) u2_b2

o "”tlog( C2—12+ /1_t2)/c2_t2)1/2dt
" Je—dHe - \1-2

g " tlog( cz—t2+./l—tz)[tz—az)”zdt (35)
o JA=2)(c*=1) \p2—p '

4. STRESS INTENSITY FACTORS AND DISPLACEMENT

The normal stress 7,,(x,y) on the plane y = 0 can be found from the relations (10),
(13), (26), (29) and (30) as

nux - 1—g? )1/2 <c2 _x2>1/2

7,,(x,0) = D

P00 = ] (%) (=
(x* —a?)

]+0(m§ logm,), xel,

F A=) =)

_ mux [D ( 1-a* )”2 (x*—c?)
Jxr=cH(—-x?) "\t —a? \/(xz—az)(xz-—bz)
2

x*—a*\'"?
+D1( . b2> :|+0(mflogm,), xel,. (36)
x —

Defining the stress intensity factors at the edges of the strips by the relations

K = Lt 'ryy(x,O)./x—a; K, = Lt T,,(%,0)\/b—Xx
x—a+ MUy x—b— U,

K= Lt ryy(x,O),/x—c; K = Lt tyy(x,O),/l—x_
xe+ UV, x>1- Do

We get
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- ’—*/ED 1/o @7
/26 —a*)

K _| \/[; { (l—az )1/2( bZ)I/Z_& (b —a?) } .
* I 2(b2—a ct—a? 1-52 Ug (l—bz)(cz—bz)
K =| Je D, (Cz—az)”z )
| 2(1—=¢?) Yo \* -4
|1 { (1-c’)D, <l—a2>”2 }
K, = D, 3. 40
/20— /(@ —a)(1—b) AV ? (40)

The vertical displacement v(x, y) on the plane y = 0 can be obtained from eqns (9), (13),
(26), (29) and (30) as

472 : 1—g2 \!12
v(x,0) =L|:{(y+logml —E)M+N D, a 1 +J3)
T 2 C2_a2

M 1_a2 1/2
+D2(J4—J2)}+7{(J9+Ju)(2 2) D|+D2(112—Jno)}:| xel, I;,I; (41)
ct—a
where
¢ tlog|?—x| (- ”2
J9= 2 2
Jo SE—P) B —)\1-1
[ tlog|? —x® 12 —a*\'?
Jio = g|2 ! /2 2) dt
) JA=P) @ —P)\b* —1
r 1 2.2 2 2\12
e [t _(eeye,,
Je P =)@ -\ 1—u
" ulo u2_x2 u2_a2 1/2
le= zglz | /2 2) du.
Je Jat—DHA=)\ut—b

5. NUMERICAL RESULTS AND DISCUSSION

The stress intensity factors (SIF) K,, K,, K. and K, at the edges of the strips and
vertical displacement |v(x, 0)/v,| near the rigid strips have been plotted against dimensionless
frequency m, and distance x, respectively, for a Poisson solid (z° = 3).

It is found that whatever the lengths of the strips are, SIFs at the four edges of the
strips increase with an increase in the value of m; (0.1 < m, < 0.6).

From the graphs, it may be further noted that with a decrease in the length of the inner
strip, which might be induced either by increasing “a” or by decreasing “b6” the SIFs
gradually increase (Figs 2-9).

Also, a decrease in the value of the length of the outer strip, which might be induced
by increasing the value of ¢, causes an increase in the values of the SIFs (Figs 10-13), from
which an interesting conclusion might be drawn: i.e. that the presence of the outer strip
suppresses the SIFs at both the edges of the inner strip and the presence of the inner strip
suppresses the SIFs at both the edges of the outer strip.
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5

a=01
[
[« )} ENENE BEPEPEE DPPRPEES WP SN
01 0-2 0-J 04 0S5 06
my —r

Fig. 2. Stress intensity factor K, vs dimensionless frequency m, for b = 0.6, ¢ = 0.8 and for different
values of a.

04l PR NP EE I SO T S GNP U S EEPU S VT U U SN
03] 02 03 04 os 06
m, —

Fig. 3. Stress intensity factor K, vs dimensionless frequency m, for b = 0.6, ¢ = 0.8 and for different
values of a.



Forced vertical vibration of four rigid strips on a semi-infinite elastic solid 1027

16}

b=06 4
L c=08 °

NEPENEPEE S S TIPS SO
0-1 02 03 0-4 oS 06
my—
Fig. 4. Stress intensity factor K, vs dimensionless frequency m, for b = 0.6, ¢ = 0.8 and for different
values of a.

| B AP RO U N NN VT ST U S U UT Y S U S T Y

01 02 03 o4 05 06
m, —
Fig. 5. Stress intensity factor K, vs dimensionless frequency m, for b = 0.6, ¢ = 0.8 and for different
values of a.
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02 VPSS S SR VO ST Y NS YU ST S SN VN R N W
01 02 03 04 [oB-) 06
m, ———bp~

1

Fig. 6. Stress intensity factor K, vs dimensionless frequency m, for a = 0.2, ¢ = 0.8 and for different
values of b.

PUNIPRE T RS S STV U S SUP AR S NV WU WA W NS S WO S ¥

01 02 03 04 oS 06

m =

Fig. 7. Stress intensity factor K, vs dimensionless frequency m, for a = 0.2, ¢ = 0.8 and for different
values of b.
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2:5

] a=02

[1 1.3 ISR NP N B PP
0 02 03 o4 05 06
m—
Fig. 8. Stress intensity factor K, vs dimensionless frequency m, for a = 0.2, ¢ = 0.8 and for different
values of b.
25
L a=02

(o 357 NP EPEPRPEE BT B SR B
01 02 03 04 05 06
m, —

Fig. 9. Stress intensity factor K, vs dimensionless frequency m;, for a = 0.2, ¢ = 0.8 and for different
values of b.
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0.7

L a=02
b=04 c=09

0-6

o5
o L
10.4_
03
(1) I T TN TP S
01 02 03 04 05 06
m, —»

1

Fig. 10. Stress intensity factor X, vs dimensionless frequency m, for a = 0.2, b = 0.4 and for different
values of c.

Fig. 11. Stress intensity factor K, vs dimensionless frequency m, for a = 0.2, b = 0.4 and for different
values of c.
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= 04

v

05 FONPESPUI E PSS GRS U U DU S W NS

01 0-2 0-3 0-4 0-5 06
m, —
Fig. 12. Stress intensity factor K, vs dimensionless frequency m, for a = 0.2, b = 0.4 and for different
values of c.

a=o02

T
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my—

Fig. 13. Stress intensity factor K vs dimensionless frequency m, for a = 0.2, b = 0.4 and for different
values of ¢.
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Fig. 14. Vertical displacement |v(x, 0)/v,| vs dimensionless distance x for 5 =0.6, c =0.8,a=0.2,

05 1

XK ——>

0.4 and form, = 0.1, 0.2, 0.3.

m,=0-2 m,= 01
m‘= 01
m,=0-3
m,= 02
— Db=04 m,=0-1
.- b=06
a=02
c=048
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[

015 |
0Tl

0

Fig. 15. Vertical displacement |v(x, 0)/v,| vs dimensionless distance x for a = 0.2, ¢ =0.8, 5 =04,

X —>

0.6 and for m; = 0.1, 0.2, 0.3.




Forced vertical vibration of four rigid strips on a semi-infinite elastic solid 1033

1
095 |
09}
085 |
Z |
> 0-8 - =06
- [ —Cc=0'8
a=02
b=0'4
o151
0‘7 i [ i i | i 1 1 i i n J A 1
(o} 0s 1 S

X —

Fig. 16. Vertical displacement |v(x, 0)v,| vs dimensionless distance x for a = 0.2, b = 0.4, ¢ = 0.6,
0.8 and for m, = 0.1, 0.2, 0.3.

The vertical displacement has been plotted for different strip lengths. It is found from
Figs 14-16 that with an increase in value of strip lengths, the displacement increases.
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